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and B~ denote the fields at the forward and trailing edge of
the plasma, this condition is

B* +B~ =2B, 6)
Combining Egs. (2-5) so as to eliminate either B, or J,

and solving subject to the boundary condition (6) then
results in

) 2By(1-K,) o
BZ:BOK)’-'__(E__emTy— eRmx/ (@]
and
- . pRmx/a
J, = HBotUs(1=Ky)-e ®
(1+efm)
where

Rm=p,0U.a ©)

is the magnetic Reynolds number for the given geometry.
The local power density supported by the plasma is
P=J-E=J,E,. The total power delivered to the load is the
negative integral of this quantity over the region of the
plasma. Using Egs. (2) and (8) in this integral, we obtain

2

R
pg/A=4<ﬂ> UxKy(l—Ky)tanh<—m> (10)
2p9 2

This expression can be thought of as the equivalent to the
low magnetic Reynolds number expression given by

(P/A) oy rm = (B§ /o) UK, (1 - K, )Rm an

Equation (11) is familiar to many? and is used for order-
of-magnitude calculations. Great care must be exercised in
the use of Eq. (10) because of the approximations involved
in its derivation. These approximations include the basic
statements of the dimensionality of the MHD problem, i.e.,
the neglect of components other than U=(U,,0,0),
B=(0,0,B)), J=(0,J,,0), E=(0,E,,0) for the various vector
guantities, the form of the Maxwell equations used, and the
uniformity of the various quantities or the parameters
0,U,,E,,B,,J,,K, as well as the sharpness of the boundary
conditions.

In general, other vector components of the fields and the
fluid dynamic parameters will exist and the quantities o, U,
By, K, E,, and B, will vary with all three coordinates, giv-
ing rise under some conditions to internal circulating eddy
currents.? Thus, multidimensional computations are required
for more detailed design analyses. Also, the conductivity is
generally a tensor and the load may vary with x in the case
of multielectrode generators and a/l the variables may vary
with time, further adding to the complications.

Note that since tanh(Rm/2)—1 as Rm— oo, the power ob-
tained from a high magnetic Reynolds number device (e.g.,
one with very high conductivity) will reach the limit

P/A=4(B}/2u)U.K,(1-K,) 12)

and using the load-matching condition K, = %2 we obtain for
the maximum power from an MHD generator at high
magnetic Reynolds numbers

(Pg/A)max: (Bg/z,u'O)Ux (13)

Note that, since already at Rm =3, tanh(Rm/2)>0.9, for
U=10* m/s and a=1 m, we obtain ¢=239 mho/m.
Therefore, there is an optimum conductivity for each pulsed
MHD generator given by o=3/(u,Ua). This expression can
be derived by reasoning that operation at a higher magnetic
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Reynolds number is not required, especially since other
losses or costs can only increase as Rm is increased. A higher
conductivity is not necessary.

Note that Eq. (13) can be derived intuitively in a couple of
ways (these results date from 1961 +1):

1) The magnetic pressure acting on the plasma in a region
of magnetic field B, is B3/2p,. This is the force per unit area
F/A acting to contain the plasma in the limit of very high
magnetic Reynolds number and, therefore,

F/A = (B}/2p,) (14)

The power that is produced by this plasma if it moves at a
velocity U, is therefore

U,-F/A=P/A=(B}/2u,)U, (15)

2) The energy contained in a magnetic field per unit
volume is B3/2u,. At high magnetic Reynolds number a
plasma sweeps out the magnetic field. The power removed
per unit time associated with a one-dimensional sweep-out of
the magnetic field by a plasma from region a will be

Power/wh=P,/A = (B}/2uy) U, (16)

It is now appropriate to note that Egs. (10) and (11) both
approach zero as Rm—0. In other words, the power to the
load vanishes as Rm—0. All other expressions are similarly
well-behaved.
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U =boundary-layer mean velocity
U, = freestream velocity

u, = friction velocity, u, =~'7,,/p

u =rms turbulence velocity

w =Coles’ wake function

X/C =fraction of blade chord

y = coordinate perpendicular to blade surface
6 =boundary-layer thickness
II =parameter in Coles’ law of the wake
o = fluid density
Ty =wall shear stress
Introduction

REESTREAM turbulence is known to significantly af-

fect the development of turbulent boundary layers.
Several studies (see, e.g., Refs. 1-6) have detailed the effects
of freestream turbulence intensity on the boundary-layer in-
tegral parameters such as momentum thickness and skin fric-
tion. In a detailed study, Hancock’ has examined the effects
of scale as well as intensity for a range of length scales of the
same order of magnitude as the boundary-layer thickness. In
general, Hancock found that the effects of freestream tur-
bulence decrease with increasing length scale, at least in the
range studied.

All of the previously mentioned studies have been carried
out with boundary layers developing in a zero pressure gra-
dient. The designer of airfoil sections, or turbomachinery
blading, however, requires information on boundary-layer
development in a pressure gradient. The need for informa-
tion is usually most acute for the suction surface of such air-
foils, where most of the boundary layer is under a severe
adverse pressure gradient. In this Note, boundary-layer
velocity profiles on a cascade blade are examined in order to
determine the effects of freestream turbulence on the law of
the wake.

Experimental Details

The experiments were performed in the cascade wind tun-
nel at the Whittle Laboratory of the Cambridge University
Engineering Department. Boundary-layer measurements
were taken on the suction surface of a 30.5 cm chord C-4
compressor blade. Further details of the cascade tunnel and
blade are given in Ref. 8. An incidence angle of +4 deg was
used for all the experiments. Each blade was fitted with a
trip wire at the 10% chord position to ensure a turbulent
boundary layer over most of the surface.

For each experiment, the Reynolds number based on inlet
velocity and blade chord was set to 5x 105, Two sizes of tur-
bulence grid could be placed 9 chords upstream of the
leading edge of the blade and these produced a freestream
turbulence intensity of 3.14% and 5.20% at a measuring
position 1.5 chords upstream of the blade leading edge. A
third condition was taken with no grid in place, yielding a
turbulence intensity of 0.68% at the measuring station. The
pressure gradient remained almost constant over most of the
suction surface for all three levels of turbulence intensity.
The velocity profiles were measured with a linearized DISA
constant-temperature, hot-wire anemometer. The correction
procedure proposed by Wills? for hot-wire readings close to
a wall were used for the first few points near the blade
surface.

Coles’ Profile Fits

The velocity profile for turbulent boundary layers described
by Coles!® has received widespread acceptance for low-
turbulence flows. The complete profile is given by

() rerg(3)
- —w(= 1
” KBn . +C+Kw 5 0]

TECHNICAL NOTES - , 1815

where w(y/6) is the wake function which Coles!! has given

as
() (L2)

The constants K and C in the law of the wall are usually
taken as 0.41 and 5.0, respectively. In this Note, a number
of experimental velocity profiles are examined, at three dif-
ferent levels of freestream turbulence, to determine the effect
of freestream turbulence on the law of the wake. Semilog-
arithmic velocity profiles at the 80% chord position are
shown in Fig. 1 for the three levels of freestream turbulence.
There is seen to be a distinct decrease in the wake component
with increasing levels of freestream turbulence, which can be
explained by the increased fullness of the outer profiles due
to increased mixing with the turbulent freestream.

The first step in this investigation was to see if all of the
data obtained in the outer layer could be fit to the Coles pro-
files. Figure 2 shows the results of plotting the data at the
80% chord position in the form of the Coles wake function
w(y/8) determined from

()= (- (s

T

as a function of y/é. For each profile, the values for IT and
u, have been obtained from the fitting procedure proposed
by Coles.!! It can be seen that the data collapse quite well
onto Coles’ analytical wake function. A similar collapse of
the data at the 50 and 70% chord positions was found, but
the fit to the analytical wake function was not quite as good,
possibly due to the relatively small wake component in these
profiles. The conclusion can be drawn from Fig. 2 that, at
least for the limited data obtained, the law of the wake has
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Fig. 1 Semilogarithmic velocity profiles, X/C=0.8.
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Fig. 2 Coles’ wake component, X/C=0.8.
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Fig. 3 Modified velocity defect profiles, X/C=0.7.
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Fig. 4 Coles’ profile modified for freestream turbulence.

validity, independent of freestream turbulence, as long as II
and u, are determined independently for each level of
freestream turbulence.

The Law of the Wake
Modified for Freestream Turbulence

The next step in the analysis was an examination of the
outer layer velocity defect profiles. For boundary layers
developing under the same pressure gradient, one might ex-
pect the velocity defect profiles at a given position to col-
lapse onto a single curve in the outer layer, provided that the
dependence of the profiles on u, is slight. With increasing
freestream turbulence levels, the velocity defect was found to
decrease, as would be expected with the fuller velocity pro-
files and decreased wake components.

A reasonable collapse of the velocity defect profiles onto a
single curve was obtained by multiplying the defect by (1+5
Tu), as can be seen from Fig. 3. On the basis of the limited
data from the present experiments, the correlation

1+ 5Tu)%j_—u=f[log <%)]

is suggested for boundary layers developing under the same
adverse pressure gradient, but with varying levels of free-
stream turbulence. The velocity defect profile collapses quite
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well using this correlation for all the profiles measured here,
as well as for the zero pressure gradient data of Evans.3
However, further experimental evidence needs to be obtained
before this correlation can be confirmed for all pressure gra-
dients and turbulence levels.

A modified form of the Coles profile may therefore be
proposed for boundary layers developing in a turbulent
freestream. The modified form of the profile is

U 1 <yu,) II, (y)
= C+(1—5Tu)—2w( -
T S W I SRl s

T

where Il is the wake parameter for the boundary layer
developing under the same pressure gradient, but with
Tu=0. Figure 4 shows the modified profile used to describe
the data at three freestream turbulence levels at the 70%
chord position. All profiles have used the value of II,
=2.342, which was obtained by extrapolating the data to
Tu=0. It can be seen that the modified profile gives a quite
reasonable description of the data, even though the wake
component changes substantially with increasing levels of
freestream turbulence.

Conclusions and Recommendations

The Coles profile for turbulent boundary layers has been
shown to be valid for an adverse pressure gradient boundary
layer developing under a turbulent freestream. A reasonable
collapse of the outer layer velocity defect profiles was found
by multiplying the nondimensional defect by (1+57Tu). A
modified form of the Coles velocity profile has been pro-
posed that appears to be valid for varying levels of
freestream turbulence less than about 5%, at least for the
pressure gradient used in these experiments. In order to fur-
ther validate the proposed profile, however, a systematic
study of the effects of varying freestream turbulence level
and pressure gradient should be conducted.
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